The aim of this paper is to establish some new fixed point theoems for set-valued generalized contractive maps defined on cone metric spaces.
Introduction and preliminaries
Banach's contraction principle plays an important role in several branches of mathematics. Because of its importance for mathematical theory, it has been extended in many direction.
Especially, Nadler [23] gave a generalization of Banach's contraction principle to the case of set-valued maps in metric spaces.
The author [13] obtained a generalization of Nadler's fixed point theorem. They proved the following theorem in [13] . Theorem 1.1. [13] Let (X, ρ) be a complete metric space. Suppose that a set-valued map T : X → 2 X , T x is closed and bounded subset of X for all x ∈ X, satisfies
H(T x, T y) ≤ k max{ρ(x, y), ρ(x, T x), ρ(y, T y), 1 2 {ρ(x, T y) + ρ(y, T y)}}
In this paper, we give a generalization of Theorem 1.1 to the case of cone metric spaces. And then, we give some generalizations of Theorem 1.2.
Consistent with Huang and Zhang [15] , the following definitions will be needed in the sequel.
Let E be a real Banach space. A subset P of E is a cone if the following conditions are satisfied:
(1) P is nonempty closed and P = {θ}; (2) ax + by ∈ P , whenever x, y ∈ P and a, b ∈ R(a, b ≥ 0); (3) P ∩ (−P ) = {θ}.
Given a cone P ⊂ E, we define a partial ordering ≤ with respect to P by x ≤ y if and only if y − x ∈ P . We write x < y to indicate that x ≤ y but x = y.
For x, y ∈ P , x y stand for y − x ∈ int(P ), where int(P ) is the interior of P . A cone P is called normal if there exists a number K ≥ 1 such that for all x, y ∈ E, x ≤ K y whenever θ ≤ x ≤ y.
A cone P is called regular if every increasing sequence which is bounded from above is convergent. That is, if {u n } is a sequence such that for some
Equivalently, a cone P is regular if and only if every decreasing sequence which is bounded from below is convergent.
Note that every regular cone is normal (see also [15] and [25] ).
From now on, we assume that E is a Banach space, P is a cone in E with int(P ) = ∅ and ≤ is a partial ordering with respect to P .
Let X be a nonempty set. A mapping d : X × X → E is called cone metric [15] on X if the following conditions are satisfied:
A sequence {x n } in a cone metric space (X, d) converges [15] [15] if every Cauchy sequence is convergent. We denote A the sequentially closure of A. That is, A is the smallest sequentially closed set containing A.
We denote by N(X)(resp. B(X), CB(X)) the family of nonempty(resp. bounded, sequentially closed and bounded) subsets of (X, d).
The following are found in [10] .
For A, B ∈ B(X), we denote [10] ).
Lemma 1.4. [10] Let (X, d) be a cone metric space, and let P be a cone in Banach space
E. (1) Let p, q ∈ E. If p ≤ q, then s(q) ⊂ s(p). (2
)Let q ∈ P and let A, B ∈ B(X) and a ∈ A. If q ∈ s(A, B), then q ∈ s(a, B).

Remark 1.1. Note that if (X, d) is a cone metric space and E = R and
P = [0, ∞), then (X, d
) is a metric space. Moreover, for A, B ∈ CB(X), H(A, B) = inf s(A, B) is the Hausforff distance induced by d(see
Remark 1.2. Let (X, d) be a cone metric space. Then s({a}, {b}) = s(d(a, b)) for a, b ∈ X. Lemma 1.5. [10] If u n ∈ E with u n → θ, then for each c ∈ int(P ) there exists N such that u n c for all n > N. Lemma 1.6. Let (X, d) be a cone metric space. If A ∈ B(X) and x, y ∈ X, then d(x, y) + s(y, A) ⊂ s(x, A).
Lemma 1.7. Let (X, d) be a cone metric space and let
Proof. There exists {p n } ⊂ s(a, A) such that lim n→∞ p n = θ. Then there exists a n ∈ A such that d(a, a n ) ≤ p n . By Lemma 1.3, lim n→∞ a n = a. Since A is sequentially closed, we have a ∈ A.
Main results
We establish some new fixed point theorems for set-valued maps defined on cone metric spaces.
Theorem 2.1. Let (X, d) be a complete cone metric space with normal cone. Suppose that a set-valued map
for any x, y ∈ X, where 0 ≤ k < 1 and
{s(x, T y) + s(y, T x)}}. Then T has a fixed point in X.
Proof. Let x 0 ∈ X and x 1 ∈ T x 0 . From (2.1) we have
We consider following four possible cases.
. By Case 1, we have
Letting n → ∞ in above, we obtain θ ∈ s(x 1 , T x 1 ). Since T x 1 ∈ CB(X), we have x 1 ∈ T x 1 by Lemma 1.5. Hence the proof is finished.
Case 4: Suppose that
Hence we have
Thus we have x 1 ) ∈ s(x 1 , T x 1 ) . Therefore, we can take x 2 ∈ T x 1 such that
Inductively, we have a sequence {x n } ⊂ X such that
Thus we have
For m > n, we obtain
By Lemma 1.3, {x n } is a Cauchy sequence in X. It follows from the completeness of X that there exists u ∈ X such that lim n→∞ x n = u.
We now show that u ∈ T u.
From (2.1) we have kλ ⊂ s(T x n , T u)
where λ ∈ {s(d(x n , u)), s(x n , T x n ), s(u, T u), 1 2 {s(x n , T u) + s(u, T x n )}}.
Letting n → ∞ in above, we have θ ∈ s(u, T u). By Lemma 1.5, u ∈ T u.
Case 2: Suppose that ks(x n , T x n ) ⊂ s(T x n , T u). Then we have ks(x n , T x n ) ⊂ s(x n+1 , T u). Since d(x n+1 , u) + s(x n+1 , T u) ⊂ s(u, T u), we obtain
Letting n → ∞ in above, we have θ ∈ s(u, T u). Hence u ∈ T u.
Case 3: Suppose that ks(u, T u) ⊂ s(T x n , T u).
Then
ks(u, T u) ⊂ s(x n+1 , T u) ⊂ s(u, T u) − d(x n+1 , u). Letting n → ∞, we have ks(u, T u) ⊂ s(u, T u). Thus we obtain k n p ∈ s(u, T u) for some p ∈ s(u, T u). Thus, we have θ ∈ s(u, T u). Hence u ∈ T u.
.
Hence,
Letting n → ∞ in above, we have θ ∈ (1−
k)s(u, T u). Hence θ ∈ s(u, T u), and hence u ∈ T u.
Therefore, T has a fixed point in X.
Remark 2.1. We have a generalization of the resent result in [15, 25] to the case of set-valued maps. Furthermore, we have the resent result(Theorem 1.2) in [10] .
In the following, we have a generalization of the result [28, (9') ] to the case of set-valued maps in cone metric spaces.
Corollary 2.2. Let (X, d) be a complete cone metric space with normal cone. Suppose that a set-valued map T : X → CB(X) satisfies kλ ⊂ s(T x, T y)
for any x, y ∈ X, where 0 ≤ k < 1 and λ ∈ {s(d(x, y) 
), s(x, T x), s(y, T y)}.
Then T has a fixed point in X.
We now have a generalization of Bianchini result [28, (5) ] to the case of set-valued maps in cone metric spaces.
Corollary 2.3. Let (X, d) be a complete cone metric space with normal cone. Suppose that a set-valued map T : X → CB(X) satisfies kλ ⊂ s(T x, T y)
for any x, y ∈ X, where 0 ≤ k < 1 and λ ∈ {s(x, T x), s(y, T y)}.
Theorem 2.4. Let (X, d) be a complete cone metric space with normal cone. Suppose that a set-valued map T : X → CB(X) satisfies
for any x, y ∈ X, where 0 ≤ k < 1 and λ ∈ {s(d(x, y)), 1 2 {s(x, T x) + s(y, T y)}, 1 2 
{s(x, T y) + s(y, T x)}}. Then T has a fixed point in X.
Proof. Let x 0 ∈ X and x 1 ∈ T x 0 . From (2.2) we have
where λ ∈ {s(d(x 0 , x 1 )), 1 2 {s(x 0 , T x 0 )+s(x 1 , T x 1 )}, 1 2 {s(x 0 , T x 1 )+s(x 1 , T x 0 )}}.
and so
As in proof of Theorem 2.1, we have a Cauchy sequence {x n } ⊂ X such that
Since X is complete, there exists u ∈ X such that lim n→∞ x n = u. We now show that u ∈ T u. From (2.2) we have
where λ ∈ {s(d(x n , u)), 1 2 {s
{s(x n , T u) + s(u, T x n )}. As in proof of Theorem 2.1, we have u ∈ T u.
Letting n → ∞ in above, we have θ ∈ s(u, T u), and hence u ∈ T u.
Corollary 2.5. Let (X, d) be a complete cone metric space with normal cone. Suppose that a set-valued map T : X → CB(X) satisfies k{s(x, T x) + s(y, T y)} ⊂ s(T x, T y)
for any x, y ∈ X, where 0 ≤ k < 1 2 . Then T has a fixed point in X. 
k{s(x, T y) + s(y, T x)} ⊂ s(T x, T y))
for any x, y ∈ X, where 0 ≤ k < 
ks(d(x, y)) + ls(y, T x) ⊂ s(T x, T y)
for any x, y ∈ X, where 0 ≤ k, l < 1.
Proof. Let x 0 ∈ X, and let
Inductively, we have a sequence {x n } ⊂ X with x n ∈ T x n−1 such that
As in proof of Theorem 2.1, we can show that {x n } is a Cauchy sequence in X. Since X is complete, there exists u ∈ X such that lim n→∞ x n = u.
We have
Letting n → ∞ in above, we have θ ∈ s(u, T u), and hence u ∈ T u. By Remark 1.1 and Remark 2.1, we have the following corollary. for any x, y ∈ X, where 0 ≤ k < 1.
Then T has a fixed point in X.
The following example illustrates our main theorem. 
d(f, g) ∈ s(T f, T g).
Therefore, all conditions of Theorem 2.1 are satisfied and T has a fixed point f * (x) = e x 2 2 − 1.
